Background: A recent coupled reaction channel (CRC) study shows that the enhanced oscillation of the elastic 16 O+ 12 C cross section at backward angles is due mainly to the elastic α transfer or the core exchange. Such a process gives rise to a parity-dependent term in the total elastic S-matrix, an indication of the parity dependence of the 16 O+ 12 C optical potential (OP).
I. INTRODUCTION
It is well established that in the elastic scattering of light heavy-ion (HI) systems where the projectile and target differ only by one nucleon or a nuclear cluster, elastic nucleon or cluster transfer processes can take place between the two identical cores [1] . Such pairs of nearly identical nuclei are known as "core-identical" nuclei. The widely used approach to describe the elastic transfer is to add coherently, in the distorted wave Born approximation (DWBA), the elastic transfer amplitude to that of the elastic scattering. The interference between these two amplitudes gives a rapidly oscillating cross section as observed in both the excitation function and elastic scattering cross section at backward angles. A more consistent approach is to study the elastic transfer within the coupled reaction channels (CRC) formalism [2] [3] [4] , which provides the most accurate physics description and a clear insight into this process [5] .
At low energies, the enhanced oscillating cross section at backward angles known as anomalous large angle scattering (ALAS) has been observed in the elastic scattering of various light HI systems [6] . The elastic transfer is the main physical origin of the ALAS observed in the elastic scattering of core-identical systems such as 16 O+ 12 C at low energies [1, 5] . Such transfer processes can be found not only in the elastic scattering but also in inelastic scattering [1, 7] and fusion [8, 9] . The ALAS pattern can be reproduced in the optical model (OM) calculation using an explicitly parity-dependent optical potential (OP) [1, 6] . Such a procedure was studied by Frahn [10] and results in a modified elastic S-matrix that contains a parity-dependent component. The elastic transfer (or the core exchange) reaction has been used to study the cluster-or nucleon spectroscopic factors [1] , molecular orbitals [7, 11] , pairing effect [12, 13] , and cluster correlations [5, 14] in stable and exotic nuclei [15] . Given its peripheral nature, HI-induced elastic transfer process can also be used to extract the asymptotic normalization coefficient, an important ingredient in the nuclear astrophysics studies [16, 17] . The relation between ALAS, elastic transfer, and parity dependence of the OP has been shown in a recent study of α+ 12 C scattering, where the elastic transfer is used to study the Hoyle state [18] while a parity-dependent potential is required to reproduce the important 12 C(α,γ) 16 O radiative capture process [19] . Last but not least, the observation of nuclear rainbow scattering in the core-identical systems like 16 O+ 12 C or 13 C+ 12 C [20, 21] requires a better understanding of the low-energy elastic transfer that deteriorates the rainbow pattern at large angles [5] , and its link to a paritydependent OP in the OM description of elastic scattering data.
In a conventional single-channel OM calculation, it has been suggested that the elastic transfer process generates an additional term in the total OP [22] [23] [24] [25] , which we refer hereafter to as the core exchange potential (CEP). The CEP originates from the exchange of the two identical cores and should be, therefore, parity-dependent (i.e., containing a Majorana term). Moreover, it has been suggested in Refs. [23, 24] that the CEP is also complex.
The existence of a parity-dependent potential due to the core exchange was already pointed out in the early studies using the microscopic RGM and GCM methods [26] [27] [28] [29] that treat exactly the antisymmetrization implied by the Pauli principle. In general, the exchange of nucleons in a microscopic model or identical (structureless) cores in a macroscopic model leads readily to the parity dependence of the OP. Nevertheless, the explicit derivation of the CEP within the general Feshbach formalism [24, 25] that is capable of reproducing the scattering data still remains a challenge. Given the description of the core exchange by different models of elastic transfer [1, [22] [23] [24] [25] , many OM analyses of elastic scattering data measured for the core-identical systems at low energies were done using the real CEP based either on the linear combination of nuclear orbitals (LCNO) [30] [31] [32] or phenomenological parity-dependent potentials [33, 34] . Although the use of these parity-dependent potentials drastically reduces the complexity of calculations, their connections to the underlying core exchange process is still not yet fully understood. So far, the CEP has never been directly derived from the elastic transfer calculation using DWBA or CRC methods, and a better understanding of the physics origin of the CEP in an elastic scattering process is of high interest.
The iterative-perturbative (IP) inversion of the scattering S-matrix to the equivalent local OP has been proven to be accurate, especially, when applied to the S-matrix given by CRC calculations [35] . Therefore, it is of high interest to use this inversion method to explicitly determine the CEP in the OP of a typical core-identical system. A recent extensive CRC study of the elastic 16 O+ 12 C scattering with up to ten reaction channels included [5] has clearly demonstrated a strong impact of the elastic α transfer on the elastic scattering cross section at different energies. In the present work, we apply the IP inversion method to the complex S-matrix given by the CRC calculation of elastic 16 O+ 12 C scattering at E lab = 132 and 300 MeV [5] to deduce the radial strength of the local CEP that is directly generated by the elastic α transfer, and explore the parity dependence of the OP.
II. CORE-CORE SYMMETRY AND PARITY DEPENDENCE OF THE OP
We show here briefly that the parity dependence caused by the elastic transfer process is a natural consequence of the core-core symmetry that shows up in the exchange of the two identical cores. In the center-of-mass (c.m.) frame of a core-identical system like 16 this purpose, we consider the transition amplitude of the nucleus-nucleus scattering in the following general form [2, 4] 
where Ψ and φ are the total scattering wave function and that of the entrance, respectively.
Orbital momentum L of each partial wave is specified explicitly in Eq. (1) to trace the parity of the scattering wave function and the bra-ket notation is assumed, therefore, to contain also the summation over all partial waves. When both cores have the same nonzero spin I c , the total wave function must be properly symmetrized to account for both the direct elastic scattering and exchange of the two identical cores
where
The function X(R) originates, in general, from both the transfer form factor and spectroscopic factor of the valence nucleon or cluster, and is radial dependent and complex [24, 25] .
The phase (−1) 2Ic in Eq. (2) is implied by the spin statistics of the dinuclear wave function.
In the 16 O+ 12 C case, the two 12 C cores are spinless and this phase can be dropped. Then,
Consequently, the formal expression of the nucleus-nucleus OP for the single-channel OM calculation is
where the second term is the CEP. The potential V OP is, in fact, similar to the ones derived by Fuller and McVoy [24] , and Frahn and Hussein [25] . For a direct reaction process, the parity-dependent CEP is closely associated with the transfer process that favors the transfer of a small number of nucleons. The earlier microscopic studies [26] [27] [28] [29] have also suggested a strong (Majorana) core exchange term for the nucleus-nucleus systems with small mass difference. From the consideration leading to Eq. (5), we have assumed in the present study a local OP that contains the parity-independent potential referred to as Wigner term (V W ) and parity-dependent one as Majorana term (V M )
It is obvious from the kinematic illustration of elastic transfer in Fig. 1 that the total elastic scattering amplitude can be written as a coherent sum of the amplitudes of both the direct elastic scattering and elastic transfer [1, 25] 
Given the standard expansion of the direct elastic scattering (ES) amplitude into the partial wave series
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where f R (θ) and σ l are the Rutherford scattering amplitude and Coulomb phase shift, respectively [2] , the elastic transfer (ET) amplitude can be expressed in the same manner
The total elastic amplitude is then obtained as
We have thus obtained the total elastic amplitude (10) in the same partial-wave expansion as Eq. (8), but with a parity-dependent contribution from elastic transfer added to that of elastic scattering. The interference between these two terms gives rise naturally to an oscillating elastic cross section at large angles, similar to the Mott oscillation observed in elastic scattering of two identical nuclei like 12 C+ 12 C or 16 O+ 16 O [43] . Relation (11) is a simplified version of the formal expression derived by Frahn and Hussein [25] for elastic transfer, where the impact of the dynamic L-dependent coupling potential caused by elastic transfer was shown to be equivalent to that of a modified elastic S-matrix that contains a parity-dependent component. Therefore, the assumption (6) for the local OP to be derived from the IP inversion of the elastic S-matrix is well founded.
For the illustration, we have plotted in Figs. 2 and 3 the elastic S-matrix given by the recent two-channel CRC calculation of elastic 16 O+ 12 C scattering at E lab = 132 and 300
MeV [5] (with the direct elastic scattering and elastic α transfer channels explicitly taken into account) versus the S-matrix given by the single-channel OM calculation. One can see that with the elastic transfer channel taken into account, the total elastic S-matrix becomes parity-dependent as formally shown by relation (11) . This is also known as the odd-even staggering which is most pronounced around the grazing angular momenta (L g ≈ 26 and 37
for the 132 MeV and 300 MeV cases, respectively) as shown in lower panels of Figs. 2 and 3. Similar staggering occurs in the argument of the S-matrix which is related to the real potential. We note that the pattern of ∆S L and a strong parity dependence of the elastic Smatrix near the grazing angular momenta are similar to the results obtained using the LCNO potential [36] for the 16 O+ 20 Ne system. This range of grazing angular momenta corresponds to the forward-angle scattering caused by the 16 O+ 12 C interaction at the surface, where the α transfer process was shown [5] to be dominant. The simple reason why the elastic α transfer (or the exchange of two identical cores) shows up in the enhanced oscillation of the elastic cross section at backward angles is that the elastic α transfer amplitude at (π − θ) is coherently added to the elastic scattering amplitude at θ, as implied by the relation (7).
III. CRC DESCRIPTION OF ELASTIC ALPHA TRANSFER
In the present work we aim to derive explicitly the CEP generated by elastic α transfer based on the CRC description of the elastic 16 O+ 12 C data measured at E lab = 132 MeV [37, 38] and 300 MeV [39] . The recent CRC study [5] has shown that elastic α transfer between the two identical 12 C cores is the main physics origin of the enhanced oscillation of the elastic 16 O+ 12 C cross section observed at backward angles at the two considered energies. The CRC results for the elastic 16 O+ 12 C scattering including explicitly up to 10 reaction channels for both the direct and indirect (multistep) α transfer account well for the measured data over the whole angular range, using the α spectroscopic factor S α obtained from the large-scale shell model calculation by Volya and Tchuvilsky [40, 41] .
We briefly discuss here the two coupling schemes for elastic α transfer used in our recent CRC analysis [5] of elastic 16 O+ 12 C scattering using the code FRESCO [3] . The first scenario is the two-channel CRC calculation that includes only the true elastic scattering and direct elastic α transfer as considered in Eqs. (7)- (11) . From results shown in Fig. 4 one can see very clearly the contribution of the elastic α transfer or core-core exchange showing up at backward angles. Such an approximation requires the minimum model space in the CRC calculation and explicitly generates the direct (one-step) exchange of the two identical 12 C cores in elastic 16 O+ 12 C scattering. Although the best-fit α spectroscopic factor obtained in the two-channel CRC analysis [5] is larger than that predicted by the structure studies, [37, 38] and 300 MeV [39] in comparison with the results given by the single-channel OM (dashed line) and two-channel CRC (solid line) calculations [5] .
the strong effect of elastic α transfer revealed in this calculation, especially at the energy of 300 MeV, provides an important test ground for our approach to determine explicitly the CEP in the local OP (6) for the one-channel OM description of these data.
The second scenario is the ten-channel CRC description where the elastic scattering channel is coupled with the inelastic scattering channels for the 2 + 1 (4.44 MeV) state of 12 C, and 0 + 2 (6.05 MeV), 3 − 1 (6.13 MeV), and 2 + 1 (6.92 MeV) states of 16 O, and the direct and indirect α transfer channels through the considered excited states. The inelastic scattering form factors for the CRC calculation were calculated in the generalized double-folding model [42] using the CDM3Y3 density dependent interaction [43] , and nuclear transition densities from the Resonating Group Method (RGM) by Kamimura [44] for 12 C, and Orthogonality Condition Model by Okabe [45] for 16 O. As a result, the model space of the ten-channel CRC configuration is quite large, and the total elastic cross section (see Fig. 5 ) is not a simple interference pattern (7) of the two amplitudes but a superposition of all direct and indirect scattering and transfer amplitudes under consideration. The spurious deep minima between 120 • and 180 • in Fig. 4 have been eliminated (see Fig. 5 ) through an interference of a large number of direct and indirect transfer amplitudes. With the measured elastic data well reproduced by the CRC calculation using the α spectroscopic factors given by the large-scale shell model calculation [40, 41] , the ten-channel CRC results shown in Fig. 5 are deemed to be more realistic. Due to very small α spectroscopic factors predicted for the unbound excited states of 12 C and 16 O [40, 41] , the breakup effect to the ALAS should be negligible, and we did not include the breakup channel into the model space of the CRC calculation of elastic 16 O+ 12 C scattering at low energies [5] .
IV. OPTICAL POTENTIAL INVERTED FROM THE ELASTIC S-MATRIX
To determine the equivalent CEP generated by elastic α transfer or core-core exchange, we have performed the inversion of the elastic scattering S-matrix given by the CRC calculation to a local, equivalent OP (6) . The CEP is obtained as the Majorana potential V M (R) by substracting the Wigner potential V W (R) from the inverted OP. The iterative perturbative (IP) inversion procedure [46] [47] [48] [49] implemented in the code IMAGO [50] delivers a local complex OP that reproduces with very high precision the elastic scattering S-matrix given by the CRC calculation (referred to as the target S-matrix, S t L ). The accuracy of the inversion procedure is given by the quantity σ defined as
where S i L is the S-matrix for the potential found by the inversion process. The IP procedure can yield separate potentials for the even-L partial waves and the odd-L partial waves, The inversion procedure begins the iterative process with a starting reference potential (SRP), which is usually the OP used in the original OM or coupled channel calculation.
It has been found that inversion with the IP method leads to potentials that are generally independent of the SRP [48, 49] , as can be tested in particular cases. The IP inversion method was used earlier to investigate the parity dependence of the nucleus-nucleus OP for some core-identical systems like 3 He/t+α [51] or 16 O+ 20 Ne [36] at low energies. These studies have used, however, the S-matrices given by the models that are quite different from the CRC formalism. While S t L used in Ref. [51] was taken from the RGM calculation, the one used in Ref. [36] was given by the LCNO method that already includes a phenomenological paritydependent potential into the real OP. The present work is the first attempt to determine the CEP for a light HI system at higher energies (E > 5 MeV/nucleon) exclusively from the coupling between the elastic scattering channel and different inelastic scattering-and transfer reaction channels, by inverting the elastic S-matrix given by the CRC calculation of elastic 16 O+ 12 C scattering. The reliability of the IP inversion method was tested first with S t L given by the single- channel OM calculation. In this case, the inverted OP is almost identical with the original OP and gives the elastic cross section that is graphically indistinguishable from that given by the OM calculation (dashed line in Fig. 4 ). We discuss now the inversion results obtained with the target S-matrix given by the two-channel CRC calculation that includes only the true elastic scattering and direct elastic α transfer (solid line in Fig. 4) . The necessity of a parity-dependent term in the total OP can be well illustrated by imposing a shape of the inverted OP in Eq. (R ≈ 3 ∼ 6 fm), especially, at the energy of 300 MeV. This indicates clearly to the lack of a parity-dependent term in the total OP [52] , which is expected to peak in the surface region where the α transfer is dominant [5] . At 300 MeV, the distinctive "V-shape" cross section shown in lower panel of Fig. 4 and a strongly localized oscillation of the inverted OP suggest that the parity dependence of the OP caused by the elastic α transfer or core-core exchange is more pronounced at this energy, where the data points at the most backward angles are entirely due to the α transfer and cannot be reproduced by a single-channel OM calculation [5] . At lower energies, the elastic α transfer and elastic scattering amplitudes are mixed at medium and large angles, and the enhanced oscillation of the elastic cross section can be reproduced in the single-channel OM calculation using a very small diffuseness of the imaginary Woods-Saxon (WS) potential [53] . Fig. 7 shows that at the lower energy of 132
MeV the inverted OP is undulatory like that obtained in Ref. [54] for the 16 O+ 12 C system at E lab = 116 MeV, where S t L was given by the OP with quite a small diffuseness of the imaginary WS potential.
In order to investigate the parity dependence of the OP resulting from the core exchange process, we assume the shape of the local OP to contain both the Wigner and Majorana terms as in Eq. (6) . The IP inversion with this prescription gives the inverted OP shown in Fig. 4 ). We found a small oscillation of the Majorana potential which should be associated with the elastic transfer form factor that by itself is undulatory [22, 24, 25] . The range of the Majorana term was found to be slightly shorter than that of the Wigner term.
The short range and weak strength of the CEP are expected features as suggested by the earlier microscopic study [28] and systematic parity-dependent analysis [31] .
It is not surprising that the Majorana terms have their largest magnitude at small dinuclear distances, as found in the earlier RGM calculations where the multi-nucleon exchange is included explicitly in the nucleon-nucleus [55] and nucleus-nucleus scattering [29, 51] . It is reasonable that the parity-dependent term of the OP has the same behavior when the core exchange process is included explicitly in the CRC calculation. We have also done a test of cutting off the strength of the Majorana terms at small radii and found that the elas-tic 16 O+ 12 C scattering cross section at the considered energies is sensitive to the Majorana potential mainly in the sub-surface region, with R 3 fm. The two-channel CRC calculation reproduces nicely the measured elastic data, but it requires an "effective" S α that is much larger than that predicted by the structure studies.
The main reason is that the two-channel CRC model space does not explicitly take into account the excitation of the two colliding nuclei. To have a more realistic estimate for the CEP given by the multistep process through different inelastic scattering and transfer channels, we have further performed the IP inversion of the S-matrix given by the tenchannel CRC calculation [5] (see Fig. 5 ). The inversion results are presented in Fig. 10 (σ = 1.5 × 10 −5 ) and Fig. 11 (σ = 1.4 × 10 −4 ) for E lab = 300 and 132 MeV, respectively.
Like the results obtained with the S-matrix given by the two-channel CRC calculation, the Wigner potential is quite smooth, with its real part being close to that of the original OP.
On the other hand, the imaginary Wigner potential is deeper in the center compared with the original OP. Such a difference in the imaginary OP is due to the dynamic polarization potential (DPP) arising from the coupling to the inelastic scattering channels. This coupling also increases the strength of the Majorana term and makes its structure more complicated compared to that obtained with the S-matrix given by the two-channel CRC calculation, especially, at the lower energy of 132 MeV (see Fig. 11 ).
This work also shows how the inclusion of an explicit parity dependence makes it possible to identify the contribution of the collective excitations to the OP. The inversion of the Smatrix to the OP for the one-channel ON calculation has been used [46, 49] to determine the contribution of inelastic channels or reaction channels to the nuclear OP. The core exchange process would make it impossible without allowing explicit parity dependence in the inversion. This is evident from the strong undularity seen in Figs. 6 and 7 . The present work shows that the inclusion of a parity dependence into the inverted OP clearly reveals the contribution of the collective excitations to the OP (i.e. the DPP). For the Wigner term in Fig. 10 , the difference between the solid and dashed lines is a direct measure of the DPP due to the coupling to the inelastic scattering channels. Such a coupling leads to a very large absorptive term in the DPP, an increase of more than 50 % percent of the imaginary term at the origin. The contribution to the real part is small on the scale of the figure, but consistently repulsive by a few percent, except at the origin where it is slightly attractive.
By contrast, Fig. 8 shows that without the inelastic coupling there is effectively no enhanced absorption. Figure 11 shows that similar conclusions can be drawn at 132 MeV. Thus, our results show that the inclusion of the parity dependence enables the determination of DPP by the inversion in the presence of strong core exchange effects.
V. SUMMARY
The elastic α transfer or core exchange process in elastic 16 O+ 12 C scattering was shown to result in a parity-dependent CEP in the effective OP that gives (in a single-channel OM calculation) the same description of elastic data over the whole angular range as that given by the CRC calculation that takes into account the core exchange explicitly. The highprecision IP inversion of the S-matrix given by the multichannel CRC calculation of elastic 16 O+ 12 C scattering [5] gives readily a complex, parity-dependent Majorana potential that accounts for the core exchange in the 16 O+ 12 C system. From a simple analytical derivation of the core exchange process, the parity dependence found in the OP inverted for a coreidentical system is naturally explained. The inclusion of an explicit parity dependence also makes it possible to determine the DPP caused by the coupling to the collective excitations in the presence of elastic α transfer.
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The complex structure of the obtained Majorana potential is likely associated with the properties of the elastic transfer or core exchange process, such as spectroscopic factors and transfer form factors. Therefore, the standard practice of using a simple prescription [1 + α(−1) L ]V (R) in some phenomenological OM studies cannot realistically represent the core exchange in elastic scattering of a core-identical system.
We found that the L-dependence of the Majorana potential may be due partially also to the dynamic polarization of the OP by the coupling to different inelastic scattering channels.
A more detailed study of the parity dependence of the nucleus-nucleus OP are, therefore, necessary and this will be the subject of our further research on this interesting and fundamental topic.
